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Abstract. Applying the subordination principle for analytic functions in the 
open unit disk U, I. H. Kim and N. E. Cho (Comput. Math. Appl. 59(2010), 
2067-2073) considered some sufficient conditions for Caratheodory functions. 
The purpose of this paper is to discuss some sufficient conditions for the class 
of strongly Caratheodory functions in U. 



1. Introduction 



Let W[ao, n] denote the class of functions p(z) of the form 

oo 

p(z) = a + a kz k (n= 1,2,3,...) 

k—n 

which are analytic in the open unit disk U = {,2GC:|z|<l}, where ao C C. 
If p(z) e H[ao,n] satisfies 

|arg(p(«))| < |/x OeU) 

for some real fj, (0 < \i ^ 1), then we say that p{z) is the strongly Caratheodory 
function of order fi and written by p(z) G STV(fi). 
Also, let A n denote the class of functions 

f{z) = z + a n+1 z n+1 + a n+2 z n+2 + ... (n = 1, 2, 3, . . .) 

that are analytic in U and A = A\ . 

Further, let the class STS(n) of f(z) g A n be defined by 

'zf'(z) 



STS(fi) = f(z) g A 



arg 



< < n ^ 1 



and S* = STS(1). This class STS(fi) was considered by Shiraishi and Owa [T] 
and f(z) G STS(fi) is said to be the strongly starlike function of order /i in U. 

Let f(z) and g(z) be analytic in U. Then f(z) is said to be subordinate to g{z) if 
there exists an analytic function w(z) in U satisfying w(0) = 0, |w(z)| < 1 (z G U) 
and such that f(z) = g(w(z)). We denote this subordination by 

f{z)<g{z) (zeU). 
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In particular, if g(z) is univalent in U, then the subordination 

f(z) -< g{z) (z e U) 

is equivalent to /(0) = g(0) and /(U) C g(U) (cf. [3]). _ 

Denote by Q the class of functions q(z) that are analytic and injective on U\E(g), 
where 

E(q) = (c e dV : lim{q(z)} = oo 

and such that q'(Q ^0((e dU\ E(q)). 

Futher, let the subclass of Q for which q(0) = a be denoted by Q{a ). 

To discuss our problems, we need the following lemma due to Miller and Mocanu 

Lemma 1. Let q(z) £ Q(ao) an d let h(z) £ H[ao,n] with h(z) ^ oq. If h(z) -fc 
q{z), then there exist points zq £ U and Co £ dU\ E(g) for which 

H z o) = q(Co) 

and 

z h'(z ) = m( q (Co) (ti ^ n ^ 1). 
2. Conditions for the strongly Caratheodory function 

Applying Lemma [T] we derive 

Theorem 1. Let g{z) be analytic in U with 

A = inf {Re(g(z))cosa - |Im(p(z)) sinal} > (z6U) (1) 

7T 7T 

for some — — < a < —. If p{z) £ ~H[l,n] satisfies p(z) ^ 1 and 

Re(jp(z) + g(z)zp'(z)) > — — ((cos a + 2nA) sin 2 a - n 2 A 2 cos a) (z e D), 
then 

|arg(p(z))|<|-|a| [z G U). 

Proof. First, let us define the function ft-i(z) by 

hi(z) = e M p(z) (zeU) (2) 

and the function qi{z) by 

qi (z) = —- (z£U) (3) 

1 — z 

7T 7T 
far --<«<-. 

Then, we see that h\(z) and q\(z) are analytic in U with 

fti(o) = gi(0) = e M e C 
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and 

gi(U) = {weC: Re{w) > 0}. 

Now we suppose that h\(z) is not subordinate to qi(z). Then, Lemma [1] shows 
us that, there exist points z\ £ U and £i e dV \ {1} such that 

/»i(«i)=«i(Ci)=*Pi (pi€R) (4) 

and 

asi&i(*i)=mCigi(Ci) (m ^ n ^ 1). (5) 

Here we note that 

{ 1 = q 1 (fei(zi)) = (6) 
fti(zi) + e la 

> ,/>x p 2 -2pisina + l _ 

Cl9l(Cl) = 2^ = < °- (7) 



and 



For such zi € U and £i S <9U \ {1}, we obtain 
Re(p(zi) + g(zi)zip'(zi)) 
= Re(e- M /n(zi) + 5 (zi)e^ M zi^(zi)) 
= Re(e- M gi (Ci) + . 9 (z 1 )e- M mCig 1 (Ci)) 
= Re(e" M ipi + S (zi)e~ M m ffl ( Pl )) 
= pi sin a + m(Re(g(zi)) cos a — Im(<7(zi)) sma)ai(pi) 
5= pi sin a + nA<j\ (pi ) 

p 2 - 2pi sin a + 1 



pi sin a — nA- 



2 cos a 



nA ( sin a (cos a + n A) \ sin 2 a(cos a + 2rtA) — n 2 A 2 cos a 



Pi 



2 cos a \ nA / 2nA 

^ (sin 2 a(cos a + 2nA) — n 2 A 2 cos a) , 

2nA 

where A is given by ([T]) . This evidently contradicts the assumption of Theorem Q] 
Therefore we obtain 



Re(/n(z)) = Re(e ia p(z)) > (z e U) (8) 



7T 7T 
far __<«<_ 

Next, let us put 

h 2 {z) =e- ia p(z) (zeU) (9) 
and 

„ — ia I -iq 

<? 2 (*) = — ^ (* e u) (to) 

1 — z 

7T 7T 

for < a < — . 

2 2 

Then, we see that the functions h,2(z) and 32 (#) are analytic in U with 

Jte(0) = 92(0) = e- ia e C 

and 

ga(U) = {neC: Re(to) > 0} = gi(U). 
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If wc suppose that h 2 (z) is not subordinate to 92(2), then Lemma [T] gives us 
that, there exist points Z2 £ U and (2 G <9U \ {1} such that 

h 2 (z 2 ) = q 2 (C 2 ) =ip2 (p 2 eM) (11) 

and 

z 2 h' 2 {z 2 ) = m{ 2 q' 2 {{ 2 ) (to ^ n ^ 1). (12) 
Futher, we note that 

h 2 {z 2 )~e- ia 



C 2 = q 2 \h 1 (z 2 )) = 



h 2 {z 2 ) 



and 



C 2 g 2 (C 2 ) = - 



p\ + 2p 2 sin a + 1 _ 



= a 2 (p 2 ) < 0. 



2 cos a 

For such z 2 € U and £2 G <9U \ {1} , we see that 
Re(p(z 2 ) + g{z 2 )z 2 p\z 2 )) 

= Re(e iQ h 2 (z 2 ) + g(z 2 )e M z 2 /i 2 (z 2 )) 

= Re(e* a q 2 (( 2 ) + ff (z2)e lQ mC2g 2 (C2)) 

= Re(e"> 2 + 9(z 2 )e ia ma 2 (p 2 )) 

= —pi sin a + m(Re(g(z 2 )) cos a + Im(<?(z2)) sina)cr 2 (p 2 ) 
^ -p 2 sin a + nAa 2 (p 2 ) 

p\ + 2p 2 sin a + 1 



(13) 
(14) 



= — p 2 sin a — 7iv4- 



2 cos a 



tiA / sin a (cos a + nA) 
Pi H 



2 cos a 
1 



sin a(cos a + 2nA) — n 2 A 2 cos a 
2nA 



< (sin 2 a(cos a + 2nA) — n 2 A 2 cos a) , 

_ 2nA 

where A is given by ([T]). This also contradicts the assumption of Theorem [1] 
Therefore we have that 



Re(haOO) = Re(e~ M ;p(z)) > (z e U) 



(15) 



7T 7T 

for — — < a < — . 
2 2 

Hence, combining inequalities © and ([TBI, we complete the proof of Theorem 

m □ 



7T 7T 

Taking — ^/= — — ct(0<^^l)in Theorem [TJ we obtain 

Corollary 1. Let g(z) be analytic in U with 

A = inf I Re(g(z)) sin — p — Im(g(z)) cos — p\ > > (z € U) 
zsu I 2 2 J 

/or some < p ^ 1. If p(z) G %[1, n] satisfies p{z) ^ 1 and 

Re(p(z) + g(z)zp'(z)) > — ((sin |/i + 2»iA) cos 2 |u - n 2 ^ 2 sin |u) (z G U), 
thenp(z) G STV(p) 
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Putting 



zf'(z) 

= "TtV = 1 + na n+lZ n +■■■ 



{z e U) 



for f(z) £ A n in Corollary [U we have 



Corollary 2. Let g(z) be analytic in U with 

A = inf < Re(g(z)) sin — p — lm(g{z)) cos — fi >>0 

for some < ^ 1. If f(z) € A n satisfies ^ 1 and 

/0) 



> 



2nA 

tfien /(*) G SrS{fi) 



./CI V /(«) /'(*) 

7T n 2 • 71 

—it — n A sm - 
2^ 2 



^— ■ ^sin — M + 2nA^ cos 2 — /i — n 2 A 2 sin — /i 



(z G U) 



(zeU), 



Considering n = 1 and ^ a < — , we get 



Corollary 3. Let g(z) be analytic in U with 

A = inf {Re(g(z)) cos a — Im(g(z)) sin a} > (z G U) 

7T 

/or some ^ a < — . If p(z) 6H[1, 1] satisfies p(z) ^ 1 and 



Re(p(z) + g(z)zp'(z)) > —((cos a + 2A) sin 2 a - A 2 cos a) (z G U), 



then 



|arg(p(z))| < - -a (z G U). 



We try to show an example of Theorem [T] 



Example 1. Let us consider the function 

p{z) = l + kz n (n= 1,2,3,...) 

n 2 -4~ 6n — 9 

for fc ^ r — . Then, it is easy to observe that p(z) is analytic in U and 

4n(4n + 3) 

maps U onto the disk with the center at p(0) = 1 and the radius k. 
Thus, we see that 

i , / ,m . -i fn 2 +6n— 9\ ir 
|arg(pW)|<8m ^ 4n(4n + 3) j<- (z G U). 
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Further, if we consider q(z) — 1 H — z and a = — , we obtain that 
w 3 4 

A= inf {Re(g(z)) cosa — |Im(g(z)) sina|} 
= J=>0 (.60). 

This gives us that 

1 „ . „ ^ . 2 2,2 x -n 2 + 6n + 9 



-((cos a + 2nA) sin a-n 4 cosa) 



2nA vv ' ' 12n 

On the other hand, we also have 

Re(p(z) + g(z)zp'(z)) = Re (l + (1 + n)kz n + 

TL 

> 1 - (1 + n)k - -k 

-n 2 + 6n + 9 

^ 7^ (* G U). 

12n 

Thus, in view of Theorem [1] we conclude that 

\axg(p{z))\<j (aseU). 



We also derive 



Theorem 2. If p(z) G W[l,n] satisfies p{z) ^ (z € U), p(z) ^ 1 and 



v 7 2n cos 2 a + n 2 + n sin a / zp'(z)\ V2~ 



< Im p(z) + - / / < 



cos a \ p(z) y cos a 



n cos 2 a + n 2 — n sin a 



7T 

for al/ z £ U and some < a < — , then 

- 2 



|arg(p(z))| < | -Q (zeU). 



7T 7T 

Proof. We define the functions h\(z) by ([2]) and gi(z) by ^ for — — < a < — . 

If hi(z) is not subordinate to qi(z), then there exist points z\ € U and £i € 
<9U \ {1} satisfying (gj and ©. 

Using equations from ((2|) to 0, we have 



Im ( + = I- (V^ifcO + ZlKiZl) 



»"Cigi(Ci) 



Im e- M 0l (Ci) 



3i(Ci) 



pi cosa- Wgl(Pl) ( Pl £l\{0}) 
Pi 



for such Zl EU and Ci G dV \ {!}. 
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For the case pi > 0, since ai(pi) < and to ^ rt, we obtain that 



tooi(pi) ^ na 1 {px) 
pi cos a 2. px cos a 

Pi Pi 

p\ (2 cos 2 a + n) — 2npi sin a + n 
2p\ cos a 

Since the function 



(P! ei\{0}). 



p 2 (2cos 2 a + n)-2npisina + n 

5i (Pi = ~ — — (Pi€K\{0}) 

zpi cos a 

takes the minimum value at pi given by 

Pi 



2 cos 2 a + n ' 

we have 

meri(pi) 

pi cosa ^ ffi (Pi) 

Pi 



( Pl eK\{0}), 



%/2n cos 2 a + n 2 — n sin a 
cos a 

whch is the contradiction for the assumption of Theorem [2j 
For the case pi < 0, we put pi = —p[ (p[ > 0). 
Then, using the same method mentioned above, we have 

mcri(pi) < , nai(-p[) 
pi cos a — - S — p, cos a H ; — — 

Pi Pi 

p[ 2 (2 cos 2 a + n) + 2np[ sin a + n 
2p[ cos a 

= <?!(- Pi) 



^5i 



2 cos 2 a + n 



cos 2 a + n' 2 + n sin a 
cosa 

which contradicts the assumption of Theorem [3] Hence, we have 

Re(e ia p(z)) > (z € U) (16) 

for ^ a < ^. 

Next, considering the functions /i2(z) defined by and q_i{z) defined by (flu]) 
and using the similar method as the above, we also get 

Re(e- ia p(z)) > (z € U) (17) 

for < a < -. 

2 

Therefore, making use of ([TBI and (fT"7|). we have complete the proof of Theorem 

EI □ 

7T 7T 

Considering — ^/ = — — a (0 < fi ^ 1) in Theorem^ we obtain Corollary [3J 
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Corollary 4. If p(z) E %[l,n] satisfies p(z) /0(z£ U), p(z) ^ 1 and 



■ 2 ft 71" /r,-2 7r 9 7r 

znsm — /i + n A + n cos — /i . '( )\ y^ nsin 2'/ i + n ncos— /i 
< Im (p(z) + ^£2 ) < I w 

sin —a \ / sin — u 

2 P 2 P 

/or all z E U and some < /i ^ 1, then p(z) E STV(/j.) 
Putting 

for /(z) 6 _4„ in Corollary 2J we have 

zf'(z) 

Corollary 5. If f(z) E X safe/ses 3 K ' ^ (z E U), /(z) # 1 and 



2n sin 2 — /i + n 2 + n cos — /i , . < /2n sin 2 — /i + n 2 — n cos — /i 



<Im i 1 + 7#J < 

_ z 

/or aZZ z € U and some < /i ^ 1, £/ien /(z) € STS{^jl) 

Taking n = 1 in Theorem [2j we obtain the following corollary due to Kim and 
Cho [2]. 

Corollary 6. If p(z) E H[l, 1] satisfies p(z) ^ (z E 15), p(z) ^ 1 and 



\/2 cos 2 a + 1 + sin a / . . zp'(z)\ -\/2cos 2 a + 1 — sin a 

< Im p(z) + \' < (z E U) 



cos a \ p(z) J cos a 



7T 

for some < a < — , £/ien 
~2 



|arg(p(z))| < ~ -a (zeU). 



Finaly, we derive 



fn 






< (2- 





Theorem 3. If p(z) E H[l,n] satisfies p{z) ^ (z E U), p(z) ^ 1 and 

, \ . Z P'( Z ) * 
p(z) 

tor some < a < —, then 

3 2 2' 

|arg(p(2))|<|-|a| (z E U). 
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Proof. Let us define the function h\{z) by 



hi(z) 



p(z) 



(z e U) 



and qi(z) be the function defined as in the proof of Theorem [TJ If h\(z) is not 
subordinate to <Zi(z), then there exist points z\ E U and £1 £ dV \ {1} satisfying 
flU) and ©. 

Using equations from ([3]) to (O, we have 



P{zi) + 



zip'jzi) 

p( z l) 



1 



\p(zi)\ 

= {l-e-^zih'M-e-^foiz!)] 

= \h!(zi) + zih[{zi) - e~ ia \ 

= |9i(Ci)+mCigi(Cl)-e- fa | 

= \(mai(pi) — cosa) + i(pi — sina)| 

= ((mai(pi) — cosa) 2 + (pi — sin a) 2 ) 5 

p\ — 2pi sin a + 1 
2 cos a 



+ cos a I + (pi — sin a)' 



> 



p\ — 2pi sin a + 1 



2 cosa 

(pi — sin a) 2 + cos 2 a 
2 cos a 



+ cos a I + (pi — sin a) z 



cosa) + (pi — sin a) 2 



- V2 + V C ° Sa ' 

which is the contradiction for the assumption of Theorem [3] Hence we have 



ReOiO)) = Re 



P(*) 



> o (ze u). 



Next, we consider the function h,2(z) defined by 



(18) 



h 2 (z) 



p(z) 



(z e U). 



Then, by virtue of (|10p , we also obtain that 



Re(/i 2 (z)) = Rc 



> (ze u). 



Therefore, in view of ()18|) and (p~9|) . we prove Theorem [3j 



(19) 
□ 



7T 7T 

Taking —fi = — — o; (0 < /i ^ 1) in Theorem [31 we obtain 
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Corollary 7. If p{z) G H[l,n] satisfies p(z) ^0(z€ U), p(z) ^ 1 and 

p[z) + z -pw x l < (? + x ) b(z)l sin ^ (z e u) 

/or some < /i ^ 1, fften p(z) G STV(p). 

Considering the function 

p(z) = ^^- = l + na n+1 z n + ... (zgU) 
for f(z) G ^4 n in Corollary [3 we have the following corollary. 

*/'(*) 



Corollary 8. If f{z) G -4„ satisfies 
zf'(z) 



< 



(§+0 



/(*) 
*/'(*) 



/(*) 



7^ (z G U), /(z) ^ 1 and 



sin — /i (z G U) 



/or some < ^ 1, then f(z) G STS(fi). 



Putting n = 1 and ^ a < — in Theorem [31 we get Corollary [S] due to Kim and 
Cho 0. 



Corollary 9. If p(z) G H[l, 1] sa£is/ies p(z) / 0(z£U), p(z) ^ 1 and 



. zp'(z) 
p{z) + -AV - 1 



< -\p(z)\ cos a (z G U) 



for some < a < — , i/ien 
- 2 



|arg(p(z))| < ~-a (z g U). 



References 

[1] H. Shiraishi and S. Owa, Some sufficient problems for certain univalent functions, Far East 
J. Math. Sci. 30(2008), 147-155. 

[2] I. H. Kim and N. E. Cho, Sufficient conditions for Caratheodory functions, Comput. Math. 
Appl. 59(2010), 2067-2073. 

[3] S. S. Miller and P. T. Mocanu, Differential Subordinations, Theory and Applications. Mono- 
graphs and Textbooks in Pure and Applied Mathematics, 225. Marcel Dekker, Inc., New York, 
2000. 



SUFFICIENT CONDITIONS FOR STRONGLY CARATHEODORY FUNCTIONS 



HlTOSHI SHIRAISHI 

Department of Mathematics 
Kinki University 

Higashi-Osaka, Osaka 577-8502, Japan 

E-mail address: shiraishiOmath.kindai.ac.jp 

Shigeyoshi Owa 
Department of Mathematics 
Kinki University 

Higashi-Osaka, Osaka 577-8502, Japan 
E-mail address: owaOmath.kindai.ac.jp 

H. M. Srivastava 
Departmemt of Mathematics and Statistics 
University of Victoria 

Victoria, British Columbia V8W 3P4, Canada 
E-mail address: harimsriOmath.uvic . ca 



